Revision Lecture on
ELECTROMAGNETISM (CP2)

 Electrostatics
« Magnetostatics
* |nduction

« EM Waves

.. based on previous years’ Prelims questions



State Coulomb’s Law. Show how E field may be defined.
What is meant by E is a conservative field?

F_ 1 QlQZ
dre, I’ E
Electric field: E =Ilim Q r
q—0 47zgr

Conservative field: VxE=0 and IE -dl is path-
Independent. Therefore, can define a potential.



A thundercloud with charges +40As at 10 km height and
—40As at 6 km. Find the E-field on the ground.

Use method of image charges. Mirror the above to below
the surface, with +40 As at depth 6 km and —40 As at
depth 10 km.
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An array of localised charges g; experience potentials V; as
a result of their mutual interaction. Show that their mutual
electrostatic energy, W, Is given by W = %Zqivi .

Potential energy of W= [E.dl=_ -rE- | — .\
charge q In potential V: j d qi dl=g (r)

Potential V; due to all V, = Z

other charges: 47ng ‘r _r. ‘
For total PE, sum over all charges. Z G9; 1
However, each charge appears twice: 27 4xeg, ‘r —r. ‘

W :%ZiQiVi



Alternative: Assemble Charge Configuration
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A sphere of radius a Is located at a large distance from

Its surroundings which define the zero of potential. It

carries a total charge q. Determine the potential on its
surface and the electrostatic energy.

r q 1
V(r)=—|E-dr = W =— V. or |Vd
(r) I Are,r ZZq' | j |
] 2
Shell: V — g and Wzéq 9 _ 9
Arg,a 2 Adng,a  8Breg,a
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(alternative: W:Iqu:I qda___9 )

Are,a  8rg,a




Uniformly charged sphere:

Potential of the surface is the same for sphere and shell

(Gauss; same charge inside) W = J‘ qu — j \V pd3r

_ r’q g 2.
W _—[aB " r°sin8d 6d pdr

me,l Az a’

U O\ U
fraction  potential charge volume
Inside density element
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W =3 1 _[ =dr = 1
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With Gauss’ Law: <ﬂ> E-dS= gi : ”j pdV
0

4zR%p, for r>R

{PEAS = E, -4zr* =L.1 3
Erip, for r<R

3

E:'OO-R forr>R and E = 2o ¢ forr<R

r
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E-field and potential V as function of r
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Electron cloud:

E_l

" Arg,l?

r
I x* exp(ax)dx = ix* e™
0
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Explain qualitatively what happens when
such an atom is placed in a steady, uniform
electric field, of strength E,,.

Centres of gravity of the
positive nucleus and the
negative electron charge
distribution shift.

The atom exhibits an
electric dipole moment.



Gauss's Theorem In vacuo: <ﬁ> E-dS= gi : j” odV
0

Calculate the capaut_anc.e C - Q '
for a spherical capacitor: vV

V :_TE dr = .FT _Q-(b-a)

r, 4reab




The Inner sphere Is raised to a potential V and then
Isolated, the outer sphere being earthed. The outer
sphere Is then removed. Find the resulting potential
of the remaining sphere.

. ab
Charge stored on inner sphere: Q =4re, "t a -V
Field of remaining sphere: E, =2

J Sphere: Y 2N

:—iErdr:— Q }1dr— Q LV

dre,” r° 4mg,a b-a




Maximum potential to which the inner sphere
can be charged to:

E. .. =3000V/mm a=0.9m b=1.0m

E is maximal when r is minimal: Consider E(a)

a)_a_b.v.i_\/.g.i
b—a  a’ a b—-a
a(b—a Im-0.
—E (b-3) 51V 09m-0Im o 155y
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The electrostatic potential of a dipole:

Charges +g at Aand —q at A’

AP =12+ (% —2r0cosd

AP =%+ (2 +2r0cos®

,_.4 1 _q 1
" Aze, AP Arms, AP’

%:%-[H(%)Z—Z%cosé’} & % [1+/cosé’+ ]
AlP’ %[ /cos@+ ]



so: V, = J 14+ cos@ —1+ cos@ | = .—CO0S @
" Az, [ % % } drg, I’

_ pcosé

V, =
dre, I’

The radial and tangential components of the E-field:

oV 1 oV
E=—qgrad(V,); E=—P° and E,=—=-.2"F
grad (V) or “r 26
E = 2p00536’ and E, = psmi’
Arre, ¥ Arre ¥




Show that the torque exerted on a dipole by a
uniform electric field E is pxE.

T=r-F=2/(sin@-F =
= 20/Esin{d

with p=2q/:
T=pxE




Calculate the work done In bringing a dipole of
equal magnitude from infinity to a distance r
from the first along the normal to its axis.

. U.=(-q)V.+q:V.

' =—q-(V, -V.)
V=V, +VV.-r=V,-E-r

E V.-V.=-E(r_-r,)
U. =qE-(-2l)=-p-E

2 2
Ug =-p-E=-pEcosd =2q¢- qug-cosé?: 19 ggcose
= Are,r Arre ¥




Find the angle 6 for which E(r, 6) IsIn a
direction normal to the axis of the dipole. [97E,

Find angle for which p-E=p,-E, =0 Pl ME;

2pcos” 6  psin“6

dre,°  Arme,r’

200820 =sin?0 and tan@=+J2 or O =+54.73°

E, =E, .-coséd—-E,-sind=0 thus 0

Second dipole placed at 6=0 and 6=m/2:
2p
=0 | E = E, =0 arallel
r 472'80r3 0 p2 p
T P .
d=— | E =0 E, = anti-parallel
2 r ’ 47zgor3 P2 P




dl xr
Arr®

State the law of Biot-Savart: dB = gl -

Find the magnitude of B on axis for a coil of n turns

Symmetry:
dB has z-component only
> | -components cancel

Z

U And also: dl L r

T 2 2
| T unlatde  pynla
cosé’—j - —2( o
0 2? +a’)




Two such colls are placed a d

distance d apart on the same
axlis. Find B as function of x.

ANNAN
VARV

| unla’ 1 1
B(X): 02 . 2 %+ 7
(a2+(%+x) )

(a7 +(4-x))’

Show that the derivative of B’ 1s 0 for x=0

(a2+(gix)2)%i>_g( 2+(%ix)2)%-2(%irx)-(i1)

which Is = the same, when x =0, hence: Z—B(O) =0
X




Find the value of d for which the second
derivative of B’(0) 1s 0.

e () (gl (57

5

0°B' oc —3(a2+(%+x)2)4 + 15(a2+(%+x)2)4(%+x)2

B(ate(2-x) "+ 1@ (5-x)) (%)




Show that the variation of B between the colls 1s <6%

| 1 1
B(X): luon . 3 + 3
28 (1+(;+g)2)4 (1+(;—g)2)4

. anl |11
2a (%) : 2a _(1+1) : 1_

B(0)=B,-1.43108  B(%)=B,-1.35355

ABL -5 57%
Vg =557%
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Ampere's law in its integral form: <J§B-d| = 1,
. . | enclosed
N turns of wire per unit length. ( )
Winding carries a current 1.

Find B and show it is radially uniform inside the coil.

s T

e YV e N »@
= .
/

B-0=p,-N'-1  with N:Nj, thus B =z, -N-I

Integral independent of path: radially uniform field



Calculate the self-inductance per unit length.

Py _Barea o 4Nl . R’
| | |

.. and per length: L

N/ = 1, N*°7R*/

)= 1, wR*N?

Calculate the magnetic induction and the energy stored.

R=05m, /=7m, N'=1000 = N =142.86m™

B = NI = 47-107" Vs 142. 86i 5000A =0.897T

Am m
U, =3LI" =14 N?ZR*(- 17 =1.76-10°J




Ampere’s Law:

$B-dl=[[J-dA = 1]

b>r>a: 2zrB, =yl
r>b: 27trBy = 1y (1 - 1)
r<a: 2nrB,=0

Bgzﬂo onlyfor b>r>a

®=[B-dS= j

Hol gr. o= “O'm(bj 0

27T

L:E:&In(gj-ﬁ
| 27 a




Sketch the magnitude of B when the inner
cylinder is replaced by a solid wire

forr >a: see before

2
Tl u |

forr<a: 2zrB,=pul-— thus B,=-2
0 ILIO 7Z'a2 0 27Z_a
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State the laws of electromagnetic induction

dd_.. Anemfwill be created such as to
dt counteract a change of current, etc

emf =<j>E-d|=

Faraday disc (thickness d).

Brushes around entire inner
and outer perimeter.

Magnetic flux density
along axis of rotation.

=a/2
=a resistivity p

mner

I

outer


herz
Text Box

herz
Line


Calculate the electrical resistance

NS ~_  length
Id ~ P area

y dr yo,
~ir J,O 27zr-d  2xd n( )

I al?2

Find the potential difference for the disc rotating
In a magnetic flux density B

2
B-7z|a’ —(aj
flux cut 2 3.2

emf = = —Ba‘w
' 27T
time 4) 8




Find the optimum value for a load resistor

emf
| emf
R
Power In load:
2

P= R .(emf) =(emf)2- R :
R,+R R, +R (R, +R)
2—E=o: 0=(Rp+R)-1-2(R, +R)-R

maximum power transfer for: R =R,




Define magnetic flux and state Faraday's law
of electromagnetic induction.
dd
dt

O=B-area and emf =-—

Calculate the resistance of the disc Ry measured
between the brushes.

R:p-i here: area(r)=2zr-t
area

2 dr —L-In(ll):pln(z)

R =p- | — =
— p'[Zﬂrt 27t 7t

al4d




Find the potential difference between the brushes:

B-A COB (1——) Ea)Ba
32

A load resistance R, Is connected across the generator
and the drive Is removed. Calculate .

E.. = 1 lo® = 1maza)2
2 4
dE,,, b _ (emf ) - (15) B“a’ o
dt dssipated  RO+R, 32) R,+R



. AE

and o =—7

ma

dEmt__(Ejz. 4B%a’

dt  \32) m(Ry+R) ™

In Erot(t) __(Ejz. 4Bza2 |
E.(0)) \32) m(R,+R))

E(t) 1

E..(0) 4

T:(?,zjz ‘m(R, +R,)In(2)

15 2a°B?

"half its angular speed":




Two parallel rails separated by a distance d lie along the
direction of greatest slope on an incline making an angle O with
the horizontal. A flat bar of mass m rests horizontally across the
rails at the top of the incline. Both the bar and the rails are good
conductors and the rails are joined by a large resistance R at the
bottom of the incline. A uniform, vertical magnetic field of flux
density B exists throughout the region.

dS V.=V SinB

para

Voars Vperp=V COSO

m

B
v ?
perp A A A

. para

)

< >

side view top view



d dA
Inducede.m.f. V,,=——)B*dS =B cost—

dt dt
where A=d [

V.. =-Bcost d % =Bcos0dv,,,

Induced current:  I=V,, /R

Equation of Motion - consider magnetic (Lorentz) force on
current-carrying wire:  dF=/dl x B

— F,,,=1dBcosO =V, /R dBcos6 = B*d*cos’0/Rv,,,
d

Equation of Motion: m - Voara = Mg sinf — B> d” cos*0 /R v,
! gravitational magnetic
d :
> — Vpara + B2 d? cos*6 /Rm Vpara = 8 sinf

!

k



Solving Equation of Motion: % Voara t K Vypurg = & SINO

msert into EoM

ry Vyua=Aexp(-kt) +B » B=sin0 g/k

boundary condition:  ats=0,v,,,=0 — A=-B
—> V= 8inb g/k (I —exp(-k1t))

for t-»oo, constant velocity:  V,4,4.0. = Sin6 g/k

—> Vyuaee = & MR sin0 / (B? d° cos*0)



A vertical loop is falling as shown below.
Calculate the current in the loop.

" ® O =B-area=B-a-y
B=0.3T d(D d
T IS S emf:——:_B.a._y:B.a.V
B=0 dt dt
’ Rz\li —> I:B'a'v

R




Describe the forces acting on the loop due to the

magnetic field, and indicate their directions:
_ T

F=q-vxB F=1-a-B F

 Current (+e) clockwise

 Force on these moving charges

« Sideways forces cancel " 2

« Remaining force has decelerating effect

Find R; a=10cm, D=1mm, p, =1.7-10°Qm

R=p, —2 ~17-10°0m- 2" _566.107°0

=D 72:10"m




kg
3

... and the mass: m=p_ -V with p_=8960 -

m= 8960k—%-OAm-%-lO‘Gm2 =2.814-10°kg
m

Calculate the steady state velocity, if this is reached while
the upper arm of the loop is still in the magnetic field.

F=1.a-B= B°a'v-a-B:m-g
R
MIR _ 0,266 m/s

V =
— aZBZ




In a particular experiment, a particle of mass m and charge +g moves with speed v
along the x-axis towards increasing x. Between x=0 and x=b, there is a region of
uniform magnetic field B in the y-direction. Deduce the conditions under which
the particle will reach the region x>b. In the event that it does reach this region,
find an expression for the angle to the x-axis at which it will enter it.

x4y 16

Lorentz force acts perpendicular to v and B.

Particle is forced onto circular path:

F=qvB=mv/r

r=mv/(qB)

The particle will reach the region x>b if b <r, soneed: b < mv/(gB)

If it reaches the region, it enters it at angle 8 with:  sin © = b/r

sinB=bgB/(mv)



In a second experiment, the same particle is accelerated from rest by a constant electric
field E acting over a length d. The particle then encounters a region of constant magnetic
field B perpendicular to its velocity, as shown in the figure below. Deduce the magnitude B
such that the particle will re-enter the region of constant electric field at a distance d from
the point at which it left. Assuming this value of B, sketch the particle's trajectory in the
region of constant magnetic field and derive an expression for the time spent there.

pimvi=qV=qEd
v = (2gEd/m)”

/ BQ® Acceleration in E-field provides kinetic energy:

d
charge g Lorentz force acts as centripetal force in the
mass m v i I -fi .
\ ® second region (with B-field): qvB —mv2/r
end starting
point  , point If the particle is to re-enter the electric field at a
= > distance d from where it left, we need r=d/2:

B =2mv/(qd) = 2m/(qd) (2qEd/m)*
B =2 (2mE/(qd))” is required



Explain why a displacement current is needed:

| B-dl =

dE dE
-~ A = g,A—
dt dt

valé

I =0 = 6A = &

Show Ampere’s Law 1n differential form:

PB-dl = pylc +o1p = pi| [[IAA+ [[I5dA

Stokes:gSB-dl =”VdeA

o VxB=puJ+ ueE



Maxwell’s equations in free space:

V-E=0 V-B=0

VxE=-B VxB=u¢,E
Wave equation from these:

VXxVxE = -VxB = —u¢E

VxVxE = V(V-E) - V°E
-0 ’

wave equation: V2E — ,6,E =0
1

\ Hoéo

with: exp|i(ot+kx)| : v=



Maxwell’s equations with charges and currents:

V-E:// V-B=0
&y

VxE=-B VXB:,uO(JC+50E)
Wave equation as before (for E and B fields):

AE—gs,u,E=0 and AB-gu,B=0
from exp|i(ot+kz)|: —k*+ pe,0° =0

© _ 4 1 _ tc (speed of light)

K B \ Hoéo




Plane wave solution with E, and B, only:

.
1 ] K
VxE=|0, @y 0,|=
0 Ey 0
E, is not a function ofx/(v

dE, dB, dB, dz

dz  dt dz dt

\

Integrate over z:

E, =B,

dz

dt




Direction of propagation:

%exp[i (otFkz) |=Fikexp|i(otFkz)

%exp[‘(wwkz)]: wexp| (ot Fkz)|

dz
dt
E.= Fc-B,

y

Q i
= 1? = Fc (Inavacuum)

for wave in positive z-direction “—”

for wave in negative z-direction “+”

... or: use Poynting vector: N = i ExB
to give direction of energy flow Uy





